Abstract: Two-degree-of-freedom motors are capable of producing linear, rotary, and helical motion, and thus have widespread applications in special industries. In this paper, a new concept-static coupling effect-is studied in the 2-degree-of-freedom direct drive induction motor (2DoFDDIM). The proposed approach is based on the image method and the 3D finite element method. The image method model is established to analyse its reasons and predict the main effects, which are then verified by the proposed 3D finite element static coupling model and experiments. The induced voltages and currents are produced in the static part and induced torque or force is obtained, even though the static part is not energized. It is concluded that the static coupling effect increases with the supply frequency and is influenced by the stator winding configuration. Thus, the existence of the static coupling effect is confirmed, which must be taken into account in future optimization and precise control of the 2DoFDDIM.
achieve decoupled control of the rotary-linear switched reluctance motor [6] . Reference [7] developed an equivalent 2D model to analyse a 2DoF rotary-linear actuator. A new checkerboard magnetization pattern was applied to produce the decoupled torque and force. Although 2DoF motors have been developed over the years and several decoupled control strategies were presented [8] [9] [10] [11] , their inner-coupling field is still not well understood.
Ebrahim Amiri proposed a rotary-linear induction motor with twin armature [12] . The motor, in its operation, can be regarded as a set of two independent motors, namely, a conventional rotary and a tubular linear motor with the rotors joined rigidly, in which the coupling effect was caused by dynamic end effect.
The transient time-domain finite element model and frequency-domain slip frequency technique were combined to analyse the dynamic end effect generated by linear motion on both linear and rotary armatures [13] . The equivalent circuit model of the motor was proposed, which took into account the static end effect in the linear armature and the dynamic longitudinal end effects occurring at both rotary and linear armatures during the helical and linear motion [14] . The 2DoF direct drive induction motor (2DoFDDIM) is another 2DoF induction motor in which the stator is composed by two arc-shaped stators [15] . There is also coupling effect involved [16] .
The coupling effect of the 2DoFDDIM is separated into two categories according to whether the rotary and linear parts are powered or not, namely, the static coupling effect and the coupling effect of motion. The former is under the condition of only one part being powered, and the latter is derived when both parts are powered. In this paper, only the static coupling effect is researched, while the coupling effect of motion will be studied in its companion paper. The analysis of the static coupling effect is carried out by the special image method model and 3D finite element coupling effect model. Based on a constant voltage to frequency ratio, the static coupling effect is analysed in terms of induced voltage, induced current, and torque. Testing is also carried out to verify the special static coupling effect.
Structure and Principles of Operation
A 2DoFDDIM consists of an arc-shaped stator of the rotary part (SR), an arc-shaped stator of the linear part (SL), and a solid rotor coated with a copper layer. The SR is composed of a stator core slotted along the axial direction where the stator windings are accommodated. The SL also has a stator core but is slotted along the circumferential direction for windings. The two stators are assembled orthogonally into a whole stator and share a cylindrical rotor, as shown in Fig. 1 . The main structure parameters are listed in Table 1 . When the SR is energized, a rotating magnetic field is generated. According to the electromagnetic induction principal, an electromagnetic force (EMF) is induced on the rotor conductor, producing an electromagnetic torque. In a similar manner, a traveling wave magnetic field will be generated when the SL is powered and the linear force will follow. If only SR or SL are energized, the motor will do singledegree mechanical motion. When both of them are energized, the motor produces a helical motion. Fig. 2 shows the 3D finite element model of the 2DoFDDIM. It is worth noting that the SR and SL can be transformed equivalently to each other [15] , as shown in Fig. 3 . Therefore, this study focuses on the static coupling effect of the rotary part produced by linear motion, which is also applicable to the opposite scenario caused by rotary motion. The SL is energized by a 180 V, 10 Hz AC source, and the rotary windings are non-powered. The distributions of magnetic flux density when linear slip is 0 and 1 are shown in Fig. 4 . It is viewed along the radial direction (x-x'), as depicted in Fig. 2 part can be ignored [17] . Because of this, the split-stator structure of the 2DoFDDIM can be regarded as another major contributing factor to the static coupling effect, apart from end effects.
Static coupling effect
To facilitate the analysis of the static coupling effect, the SL is stretched and divided into two symmetrical plates. The SR and rotor are expanded circumferentially into a flat shape. Then, the expanded structure of the 2DoFDDIM staying within the same relative position can be derived, as shown in Fig. 5 . The image method is commonly used for analysing boundary problems of electromagnetic fields since the method provides certain solution forms for some important problems involving straight-line, circular, and spherical boundaries in a simple manner, which decrease the need for formal solutions of Laplace's and Poisson's equations [18] . Therefore, it is applied here to analyse the static coupling effect in the 2DoFDDIM qualitatively. In order to simplify the analytical model, some assumptions are made.
(1) The permeability of the entire iron core of the stator is μ2, and that of the inner space region between SL and SR is μ1 (namely, the permeability of air).
(2) The end-winding effect is ignored. The active side of the coil is infinite and the current passing through it is line current.
(3) The displacement current and higher harmonics are ignored and the electromagnetic field is assumed to be linear.
Because the rotor is non-powered and acts as a symmetrical geometry with isotropic magnetic medium, only the magnitude of the induced magnetic field in the SR is influenced by its induced eddy current. Therefore, the proportional relationship of the induced magnetic fields among the 3-phase SR windings remains the same regardless of the eddy current. To simplify the analysis, the image method model ignoring induced eddy current in the rotor is developed, which is available to analyse the static coupling effect qualitatively, as shown in Fig. 7 . The permeabilities of areas 1 and 2 are μ1 and μ2, respectively. i, as the original image current, is the end-winding current that is parallel to the rotational axis. The left and right sides of the SR, namely, x1 and x2, are the imaging planes. A, B, and C represent the 3-phase SR windings. 
Fig. 7. Image method model
According to assumption (1), the total magnetic flux density in the SR slot is equivalent to that at the centre point of the stator slot. y1 is the distance between two adjacent centre points,
Dt is the inner diameter of the stator and Z is the number of stator slots. On the basis of symmetrical SL end windings, the double coordinate system is established. According to the image method principle [19] , if the material with permeability μ2 is replaced by the material with μ1, the entire field problem is reduced to one of integration. It is recognized that the whole space (both areas 1 and 2) is composed of a homogeneous medium whose permeability is μ2. The virtual synthetic current i' is used to substitute the original current when calculating the magnetic flux density of area 2. The position of substitute current i'
remains the same as the one of original current i.
The magnetic vector potential of area 2 (y<0) can be derived in (2).
Then, the magnetic flux density at every point in area 2 can be obtained from (3) .
The magnetic flux density in the A-phase windings of the SR, produced by the current through left and right SL end windings, respectively, are given as (4)-(5). In a similar manner, the magnetic flux density in the B-phase windings of the SR can be derived from (6) . Then it can be concluded from (4)- (6):
The induced magnetic field generated in the SR windings changes with the SL current, which produces alternating current in the 3-phase SR windings. The frequency of the induced alternating current is equal to the one of the SL current. According to Maxwell's equation
, it can be determined that the induced voltages generated in the 3-phase SR windings are equivalent. On the basis of constant voltage and frequency ratio, the linear current frequency increases with linear power frequency; then, the induced voltage in the SR will follow. Based on (7) and Ampere's Circuital Law, Owing to the unbalanced SR current derived above, the fluctuating torque will then be generated.
Through the above analysis, it can be seen that, because of the static coupling effect, there are currents and voltages in the SR windings, although the SR is not powered. The quantitative analysis is carried out by 3D finite element method (FEM). Based on a constant voltage/frequency ratio, the 3D-FEM coupling model is powered with LC50Hz, LC40Hz, LC30Hz, LC20Hz, and LC10Hz, in which L means only the SL windings are powered and C shows that the SR windings are opened (namely, under condition (1)). The induced voltages produced in the SR windings are shown in Fig. 8 . The related data are listed in Table 2 and Table 3 . It can be seen from Fig. 8 , Table 2 , and Table 3 that there are induced voltages in the 3-phase SR windings generated by the static coupling effect, even though the SR is not powered. Based on a constant voltage and frequency ratio, the values of induced voltages increase, but their phases decrease with the growth of source frequency. It should be noted that the maximum difference ΔU of 3-phase induced voltages is not greater than 0.03 V, and ΔU/UA is less than 3.44%, which is satisfied with Maxwell's equation. The phase difference of induced voltages between A-phase and B-phase |φA−φB| is not beyond 2.5°, whereas the phase difference between A-phase and C-phase |φA-φC| is larger and decreases with the increase of source frequency. The cause of such phenomenon is mainly due to the spatial distribution of the 3-phase SR windings, which is shown in Fig. 5 and Fig. 6 .
3D-FEM Simulation
Based on a constant voltage and frequency ratio, the 3D-FEM coupling model is powered with LS50Hz, LS40Hz, LS30Hz, LS20Hz, and LS10Hz, where L means only SL windings are powered and S
shows that the SR windings are shorted (namely, under condition (2)). The induced currents produced in the SR windings are shown in Fig. 9 . The related data are listed in Table 4 and Table 5 . It can be seen from Fig. 9 , Table 4 , and Table 5 It can be seen from Fig. 10 and Table 6 that there is a rotary torque on the rotor when only the SL is powered. Because of the unbalanced induced coupling currents in the 3-phase SR windings, the rotary torque fluctuates irregularly on a large scale, which coincides with the analysis applying image method.
Based on a constant voltage and frequency ratio, the fluctuation is heightened when the source frequency increases, which gives the enhancement of the static coupling effect.
For other linear speeds, there are also induced voltages and induced currents in the SR windings, as well as induced torque when only the SL is powered, as shown in Fig. 11, Fig. 12, and Fig. 13 . The related data are shown in Table 7 . It can be seen from Fig. 11, Fig. 12 , Fig. 13 , and Table 7 that induced voltages and induced currents agree well at any operational linear slip. In addition, the values of induced voltages, induced currents, and induced rotary torque decrease slightly with the increase of slip. It is because of this that the end effects of the linear part are one of the causes of the static coupling effect; therefore, the less end effects, the smaller the static coupling effect. However, the split-stator structure of the 2DoFDDIM is the major contributing factor, so the induced voltages (take the LC50Hz as an example) and induced currents (take the LS20Hz as an example) under zero linear speed only decrease by 3.3% and 8.6%, respectively, compared with those under synchronous linear velocity.
Similarly, the same program can be used to analyse the static coupling effect in the linear part produced by rotary motion. The results are listed in Table 8, Table 9, and Table 10 . As shown in Table 8, Table 9, and Table 10 , the static coupling effect in the SL produced by rotary motion is also enhanced with the increase of supply frequency of the rotary part. Moreover, the 3-phase induced voltages and induced currents in the SL have the same proportional relationship as
, which is determined by the stator winding structure of the 2DoFDDIM.
Experiment Validation
A test rig is set up and experimental tests are carried out on the prototype of the motor shown in Fig. 14. The laboratory model of the 2DoFDDIM has a relatively short secondary length. Therefore, it is technically difficult to measure motor performance at linear speeds greater than zero, so the test is performed only at zero linear speed. In order to quantify the static coupling effect, the SR is not powered, which means the SR windings are opened, then rotary induced voltages (RMS) produced by linear motion can be tested, as listed in Table   11 . The comparison of the FEM analysis and test results is shown in Fig. 15 . It can be seen from Table 2 , Table 11 , and Fig. 15 that the test results coincide well with those of the FEM analysis, which validates the simulation models. 
Conclusion
This paper presented a study of the coupling fields in 2DoFDDIM with a focus on the static coupling effect. The image method model and 3D finite element model are established to analyse its cause and impact. Because of the static coupling effect, an EMF voltage is generated in the static part as well as an electromagnetic torque (or force). From this study, A-phase (U-phase) induced current is equal to that in B-phase (V-phase), which is half of that in C-phase (W-phase). The static coupling effect increases with the supply frequency, which must be taken into account to realize precise control of the 2DoFDDIM.
Besides, it is found that the static coupling effect is closely associated with the special split structure of the 2DoFDDIM. The experimental results have validated the developed models and simulation results so that the proposed methodologies are shown to be effective in analysing such a complex concept in the 2DoFDDIM. 
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